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Abstract. We define the q-deformed Gelfand-Dickey bracket on the space of 
q-pseudodifference symbols which agrees with the Poisson Virasoro algebra of 
E.Frenkel and N.Reshetikhin and its generalizations and prove its uniqueness 
(in a natural class of quadratic Poisson structures). The associated hierarchies 
of nonlinear q-difference equations are also constructed. 



1. Introduction 

It is well known that the generalized KdV hierarchy of non-linear differential 
equations admits several different realizations. The first one is associated with the 
algebra of pseudodifferential operators on the line (or on the circle). The famous 
construction assigns to each nonlinear evolution equation in this hierarchy a pair 
(L, A) of differential operators such that the evolution equation is equivalent to 
the Lax equation 

The space of differential operators admits several remarkable Poisson structures, 
and Lax equations are Hamiltonian with respect to each of them. The simplest 
one is the so called first Gelfand-Dickey bracket, which is a linear Poisson bracket 
naturally arising from the identification of the space of differential operators with 
the dual of the Lie algebra of integral operators [|], [T2| . The next one is the 
celebrated second Gelfand-Dickey bracket (or, Adler-Gelfand-Dickey bracket) [[[], 
H . This bracket is quadratic, and its geometric comprehension has required much 
work; it admits at least three different realization, and isomorphisms between 
them usually represent deep theorems. The first one, which appears naturally 
in the study of Lax equations ( [Lip , is based on the study of the Lie group of 
integral operators (more precisely, of its central extension ]nj). This group comes 
equipped with the natural Sklyanin bracket which endows it with the structure 
of a Poisson-Lie group, and the second Gelfand-Dickey bracket is identified with 
the Sklyanin bracket on its Poisson subvariety. The second realization, which is 
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totally different, is based on the study of the center of the universal enveloping 

algebra U(sl(n)) of the central extension of the loop algebra of sl(n) at the critical 
value of the central charge ||. The third realization, finally, is naturally related 
to the alternative description of the generalized KdV hierarchy which is provided 
by the Drinfeld-Sokolov theory ||. The two latter approaches provide a natural 
generalization of the second Gelfand-Dickey bracket for arbitrary semisimple Lie 
algebras; the corresponding Poisson algebras are then called classical W-algebras. 



Nonlinear differential equations (|1 . 1|) admit natural difference or q-difference 
analogues; their Hamiltonian treatment is more or less parallel to the differ- 
ential case, although there arise some new and unexpected phenomena. As it 
happens, all three different constructions of the classical W-algebras referred to 
above have their natural q-difference counterparts. Historically, the first one to 
arise was based on the study of the Poisson structure on the center of the quan- 
tized universal enveloping algebra U q (sl(n)) |J. The quantization parameter q 
is naturally identified with the modulus of the associated q-difference operator, 
D q f(z) = f(qz). 

The same Poisson structure also arises as a result of the Drinfeld-Sokolov type 
reduction for the first order matrix q-difference equation [7| [17|]. A nontrivial 
point in the reduction procedure is that it involves a new elliptic classical r-matrix 
(its introduction is prompted by the consistency conditions for the reduction); 
the modulus r of the underlying elliptic curve is related to q via q = exp -kit. 

The goal of the present paper is to provide the q-difference counterpart of 
the last remaining construction which is based on the study of the algebra of 
q-pseudodifference symbols. We prove that for each n E N there exists a unique 
quadratic Poisson structure of the natural r-matrix type on the space M n of the 
n-th order q-difference operators with normalized highest term such that formal 
spectral invariants 

H m (L) = — TrL«, meN ,(m,n) = l, (1.2) 
m 

of a difference operator L = D n + u n ^iD n ~ l + • • • + uq are in involution and 
generate q-difference Lax equations 

d J j m 

— = [A,L], A = Lfo (1.3) 

moreover, this Poisson structure coincides with the one obtained via the q- 
difference Drinfeld-Sokolov reduction (or, equivalently, with the one obtained in 

H via the study of the center of U q (sl(n)) at the critical level). The generalized 
q-deformed KdV hierarchy which corresponds to ( |1.3j ) was described earlier by 
E.Frenkel ||; however, his approach to the description of the associated Poisson 
structure is different: he simply uses the Poisson bracket borrowed from || and 
does not discuss its construction via the r-matrix formalism for the algebra of 
q-difference operators. Let us also note that the lattice version of this Poisson 
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structure has been introduced (in a different context) by W.Oewel who also 
considered the lattice analogues of the KdV and KP hierarchies. These lattice 



hierarchies are also studied in [ |T5|j . 

In the second part of this paper the Poisson structure on the space of q- 
difference operators is generalized to the case of q-pseudodifference operators 
of arbitrary complex degree; this construction is motivated by PH| , [jTlJ. We ex- 
tend the algebra ^D q of q-pseudodifference symbols by adjoining to it the outer 
derivation ad In D and performing the associated central extension; the extended 
Lie algebra of q-integral operators gives rise to the Lie group 

G_={jG a , G a = \l\ L = D a + Y^u i D a - i \ . (1.4) 

aeC I i=l J 

If a G C is generic, i.e., satisfies ^ Q, for all elements L G G a there exists a 
logarithm and hence we may define L 13 for each (3 G C In particular, G G m for 

m 

any m G N and hence contains only integer powers of D; let L^U be its positive 
part. The equation 

dL 



dt 



L (+V L 



;i.5) 



preserves G a and has an infinite family of conservation laws H n (L) = ^TrL^, 
neN. The flows (|1.5| ) for different m commute each with other. We show that in 
a natural class of Poisson brackets on G Q there exists a unique one with respect to 
which the equations ( |1.5| ) are induced by the Hamiltonians H m (L). For integer a 
this bracket may be restricted to M Q ; this restriction coincides with the bracket 
constructed in the first part of the present paper. A similar class of equations has 



been considered in |TT[ , but Poisson structures for them have not been proposed. 



We shall discuss the relation between these two construction below (see remark 



2. Nonlinear q-difference equations of the KdV type 

2.1. Notation. Throughout the paper we shall use the following notation. Let 
h be the dilation operator, 

hf(z)=f(qz), /GC(( 2 - 1 )), ?GC, |g|<l. (2.1) 

We denote by the algebra of q-pseudodifference operators; by definition, 
consists of formal series of the form 

N(A) 

A= «,eC((^ 1 )) (2.2) 

i= — oo 

with the commutation relation 

D ■ a = (ha) ■ D, a G C ((z -1 )) . (2.3) 
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For a G C ((z' 1 )) we put 

h 'a = h l a, VZ G C. (2.4) 
As a linear space, is a direct sum of three subalgebras, 

(N(A) ~\ 

A e vn q \ A =Y, a i ( z ) D ^ a * eC \ > ( 2 - 5 ) 

J = C((^ 1 )) C (2.6) 

J- = ^Ae*B q \A = f2a i (z)D- i , a,GC((^ 1 ))|. (2.7) 

Clearly, J normalizes J± and hence J(±) = J ± + J is also a subalgebra. Let 
P±, Po be the associated projection operators which project onto J±, J , 
respectively, parallel to the complement. Put P(±) = P± + P . For A G 

set A± = P±A, A (± ) = P(±)A, ResA = A = P A. For a G C((z" 1 )), a = 

J2i a i z \ we P ut 



a(z)dz/z = a ; (2.8) 

clearly, this formal integral is dilation invariant, i.e., 

J a(z)dz/z = J a(qz)dz/z. (2.9) 

For A G ^~D q we define its formal trace by 

Tr A = J Res Adz/ z; (2.10) 

it is easy to see that Tr AB = Tr BA for any A, B E ^~D q . We introduce an 
inner product in ^D q by 

(A,B)=TrAB, A,Be^~D q . (2.11) 

Clearly, this inner product is invariant and non-degenerate and the subalgebras 
J± are isotropic; moreover, it sets J + and J_ into duality, while J — Jq. 

2.2. Fractional powers of q-pseudodifference operators and Lax equa- 
tions. The fractional powers formalism which is described below is largely paral- 
lel to the standard pseudodifferential case. Let M n C be the affine subspace 
consisting of q-difference operators of the form 

L = D n + u n ^D n - x + • • • + u , tt 1 GC(( 2 - 1 )). (2.12) 

We are interested in Lax equations of the form 

^ = [A,L], L G M n . (2.13) 
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For consistency, the commutator in the r.h.s must be a polynomial in D of degree 
< n — 1. Let Zl be the centralizer of L in \I/D g . Put 

n L = {Ae ^D Q \ cleg [A, L\ < n - 1} . 
Proposition 2.1. M E Z L implies Mr + \ G 

Proposition 2.2. For any L G M n t/iere exists a unique P G o/ i/ie /orm 

P = D + J2Zo Pi®' 1 such that pn = L - 

We set P = L x l n . 
Proposition 2.3. Any element M E Z L is uniquely represented as 

m(M ) 



Propositions \27L , |272| imply that Lax equations 



dL 



m(M) 



— = [A,L], L G M n , A = M (+) , M= °i L "> c i e C ' 



(2.14) 



are self-consistent; without loss of generality we may assume that q = if l\i. 
Lemma 2.4. Equation ( \2. 14 ) implies that 

-^-L« = [v4, L«] for any r G N. 

Lemma |2.4j immediately implies 
Proposition 2.5. Functionals 



m 



H m = — Tr L~ 

are conservation laws for ^2.1J\ ). 

Proposition 2.6. Let 

dL 



m G N, 



m(M) 



— = [M (+) ,L], M=^ Q li, qgC, 



eft 



M (+) ,L 



i=— oo 
m(M) 



be two Lax equations associated with any two elements in Zl. Then 

d 2 L d 2 L 



dtdr drdt ' 

in other words, (formal) flows generated by M, M commute with each other. 
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2.3. q-difference Lax equations as Hamiltonian systems. In this section 
we shall describe a family {, } n , n £ N, of Poisson structures on \IzDg; the bracket 
{, } n may be restricted to M n C \&D g and Lax equations ( |1.1| ) are Hamiltonian 
with respect to this bracket. We shall see later that {, } n coincides with the 
q-deformed Gelfand-Dickey bracket |], |T7] associated with the Lie algebra sl(n). 



An accurate definition of the Poisson structure should begin with the descrip- 
tion of a class of admissible functionals and of their derivatives. In the present 
context the algebra of observables A is generated by 'elementary' functionals 
which assign to a pseudodifference operator A the formal integrals of its coeffi- 
cients, 

Cl {A) = Tr (z- j AD-*) . 

By definition, a functional p> £ A is smooth if for each L £ M n C there 
exists an element X £ (called its linear gradient) such that 

{ML),X)=(£) <p(L + tX). 

In applications, various functionals may be defined only on an affine subspace 
of ^D^; in that case the choice of the gradient (when it exists) is not unique 
(however, a canonical choice is frequently possible). It is easy to see that 'ele- 
mentary' functionals are smooth; in a similar way, traces of fractional powers of 
a pseudodifference operator are smooth functionals defined on affine subspaces 
M n ; the gradient of such a functional may be so chosen that 

[d<p(L),L} = 0. 

Along with the linear gradient of a functional we shall frequently use its left and 
right gradients V, V which are formally defined by 

(Vcp(L),X) = (i) t=Q cp((l+tX)L), 
<y'<p{L),X) = (±)^ <p(L(l + tX)) i 

obviously, Vp>(L) = Ldip(L), V<p(L) = dip(L)L. A functional ip £ A is called 
invariant if Vip = Vip. 

Let us put d = ^DqQ^Dg (direct sum of two copies); we introduce an invariant 
inner product in d by 

xl) ,(^))) = (A 1 ,F 1 )-(X 2 ,F 2 ). (2.15) 

For a functional (p let us write Dip = (Vip, VV) £ 5- We shall consider a class 
of Poisson brackets on \I/D g which depend bilinearly on left and right gradients 
of their arguments. In a very general way, such a bracket may be written as 



{(p,i/>}=((RD(p,DiJ>)), 
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where R G Endd , R = f ^ ^ J .[] 



We shall postpone the discussion of the Jacobi identity for this class of brackets 
until part 3. Note only that it holds for all brackets constructed below. 

A natural additional condition on this class of brackets is the involutivity of 
invariant functionals. It is easy to see that this condition (which allows to use 
formal traces to generate commuting Hamiltonian flows) is equivalent to the 
following simple constraint: 

A + B = C + D. 

A similar class of Poisson brackets is also defined in the pseudodifferential case. 
In this latter case, there is a simple standard choice of the operators A, B, C, D: 
A = D, B = C = 0; moreover, the operators A = D should be skew symmetric 
and satisfy the modified classical Yang-Baxter equation. The standard choice is 
A= \ (P(+) ~~ P-) corresponds to the second Gelfand-Dickey bracket, which 
is a special case of the general Sklyanin bracket). In the q-pseudodifference case 
this simple choice is no longer possible; indeed, the standard classical r-matrix 

r. = \ ( p (+) " P -) 

is no longer skew, because of the different properties of the invariant inner prod- 
uct. Since the symmetric part of r s is the projection operator onto the subspace 
of operators of order zero, it is natural to look for modified brackets of the form 

f^>=((( r :;. Po r b x) D ^))> ' 2ie > 

where r = ~ (P + — P_) and a, b, c, d are linear operators acting in J which satisfy 

a = —a*, d = —d*, c* = b. 

In other words, the bracket ( [2.16] ) differs from the naive Gelfand-Dickey bracket 
by a 'perturbation term' which is acting only on the constant terms of the gra- 
dients (cf. ||16|| ). We shall see below that for any choice of a,b,c,d this bracket 
satisfies the Jacobi identity. The additional conditions which allow to fix the 
choice of the bracket completely are given by the following uniqueness theorem. 



Theorem 2.7. There exists a unique Poisson bracket of the form ( 2.16 ) on ^T) q 
such that 

1) the affine subspace M n is a Poisson submanifold; 

2) the Hamiltonians H m = ^-Tr , m G N, are in involution and give rise 
to Lax equations 

dL 



dt 



L e M n . (2.17) 



1 Poisson brackets of this type were discussed by L.Freidel and J.-M.Maillet B and by L.Li 



and S.Parmenticr 1 1 3 
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This bracket is given by 

\\V— ^0+2^00 r ~2~ J I/ (2.18) 

Remark 2.1. Although the Poisson bracket satisfying the conditions of the the- 
orem is unique, there remains some freedom in the choice of the corresponding 
r-matrix. The reason is that the gradients Dip, Dtp are not arbitrary, namely, 
they belong to a family of isotropic linear subspaces in d ; hence R is defined only 
up to an operator whose bilinear form identically vanishes on all such subspaces. 
As an example note that the bracket (\2.18j ) may be also written in the form 




h" 



-P' 

J- n 



I^h™ o F + - / / / (2.19) 

Remark 2.2. Just as in the pseudodifferential case we may linearize the qua- 
dratic bracket (\2.1fy) at the unit element of ^/JD q ; the resulting bracket {•, -}i 



linear; it is given by 

{if, ij)} x (X) = - ([r s dip, #] + [dip, r s #] , X) , (2.20) 

i.e., it is the Lie-Poisson bracket associated with the r-matrix r s . The brackets 
( 2.18 ) and ( 2.20J are compatible, i.e., their linear combinations are also Poisson 



brackets. Thus we have a 1-parameter family of quadratic Poisson brackets: 

{ip,^} a = {i P ,^} + a{i P ,^} 1 . (2.21) 

As usual, dynamical systems generated by the Hamiltonians H m are bihamil- 
tonian; namely, the vector field generated by H m with respect to the quadratic 
bracket (\2.18j ) coincides with the vector field generated by H m+n with respect to 



the linear bracket ( 2.2Q) . Functionals H m , m <n, are Casimir functions for the 
bracket (^JUj) . 

Proof of the theorem. The gradients of H m are given by 

VH m = VH m = L~, 

hence the Hamiltonian equation generated by H m with respect to the bracket 



( 2.16 ) is given by 
dL 



(H ([r + (a + b) P ) L m ' n ) ■ L-L- ([r + (c + d)P ] L m ' n ) 



since \L, L™] =0, we get 

dL 
~~dt 



d 4 = {[P {+) + {a + b-\)P ]L^).L 
-L.([P M + (c + d-l)P ] 
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This equation reduces to the Lax form ( 2.17|) if and only if the coefficients a, b, c, d 
are such that for any L G M n 



a + b 



1 



(L m/n ) { 



c + d — 



Lemma 2.8. Condition \2. 22\ ) implies that a + b — 1/2 
where F is a linear operator in J with ImF C C ■ 1 C Jo- 



(L m/n )o 

(2.22) 

(c + d - 1/2) = F, 



Lemma |2.8| together with the antisymmetry condition imply that 

d = —a + F — F*. 



b = )-- a + F, c =^ + a + F* 



(2.23) 



It is easy to see that the bilinear form of the operators F, F* vanishes on the 
gradients Dip = (Vip, VV) of arbitrary functionals and hence does not contribute 
to the Poisson bracket; indeed, 



the contribution from 

F,F* to {cp,^} 



Dip, Dip 



FP 
F*P (F-F*)P 
FP ( W) • (TrV^ - TrV» + 

+FP (VV) • (TrVy? - TrVV) 
0, due to invar iance of Tr. 



Thus we get 



P + +(l + a)P (|-a)Po 
(1 + a) P P++{\~ a) Po 



Dip, Dip 



(2.24) 



The condition that the affine subspace M n is a Poisson subvariety allows to fix 
the remaining free operator a. This condition means that the functionals 

dz 



cp f (L) = 
are Casimir functions on 



u n [z 



f(z)=Tr(LD~ n f), V/GC^- 1 )) 



i.e., 



for any ip G A. From ( [2.24 ) we get 



Note that for any L e 



1 

2 +a 



(V^) + 



1 

a 

2 



(W/) , (W)o - (VV) ( 



(2.25) 
(2.26) 

(2.27) 



Mo = /, (VV/) = h- n (/) , 

in other words, the constant terms of the gradients do not depend on L. Hence 
the condition ( |2.26| ) is reduced to the following one: 
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• For any / G C^ -1 )) and any L G M n 



1 

2 +a 



f + 



1 

a 

2 



7, (W) - (VV), 



0. 



(2.28) 



The latter condition is reduced to 



1" 



a ( 1 — h 



feC for all / e C(( z - L )) 



(2.29) 



Indeed, ( |2.29 ) results immediately from the following 

Lemma 2.9. For any g G C^z^ 1 )) such that f —g(z) = there exists a func- 
tional if) g G A such that for some L G M n 

(W (L)) - (Vty (L)) = p. A 

The proof of this assertion is similar to that of lemma 3.12 below. 
Conversely, ( |2.29p implies ( |2.28| ) due to invar iance of the trace. 
From ( |2.29| ) we obtain that a = a + (3 — 7*, where 



1 1 + h r 



00 ; 



2 1 - h n v 

and /3,7 are one-dimensional linear operators in C((^ -1 )) with 7 C C ■ 1. 
The antisymmetry of a implies /3 = 7. Thus we have 



ao + 7-7*, 



i-ao + F- 7 + 7* 



c= § + a + F* -7* +7, d= -a + F-7-P* + 7*- 

To conclude the proof let us observe that F, 7 do not contribute to the Poisson 
bracket, which implies (|2.18|) . More precisely, we have the following assertion: 



Lemma 2.10. Let f, g, h, k be linear operators in Jq with images in the subspace 
of constants C • 1 C Jo- The r-matrices R and R' — R+ A where 



A 



define the same Poisson bracket. 



h 
h 



k* 
9* 



f + k* 
-9* + f 



Now we shall prove that the bracket ( |2.18|) coincides with the q-deformed 
Gelfand-Dickey bracket derived in [^, [T7| via the q-deformed Drinfeld-Sokolov 
reduction procedure. Let us first of all briefly recall this reduction procedure. 

Let us denote by L$l(n) the loop algebra associated with Ql(n), i.e., the algebra 
ofnxn matrices with coefficients in C((z -1 )). 

It is well known that a scalar q-difference equation of order n 

Ltp = 0, L = D n + u n —\( y z)D n ^ + ■ ■ • + u {z), 
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is equivalent to a first order matrix equation 



n-1 



where the potential £g LqKji) has a special form. The standard choice for £ is 
given by a companion matrix, 



/ 



£ 



\ 





-M 





-Ml 



\ 
1 



(2.30) 



This choice is not unique; a linear change of variables 

where S a lower triangular matrix with coefficients in C((z -1 )), induces a gauge 
transformation 



a = h sc s 



-i 



(2.31) 



Let us denote by Y n C Lgi(n) the subvariety of all matrices of the form 

/ * 1 •■■ \ 

£' = 



1 

* / 



(2.32) 



It is easy to see that the gauge action ( |2.31| ) of the group LN_ 
triangular matrices with the coefficients in C((^ -1 )) preserves Y n . 



n 



of lower 



MM 



Theorem 2.11 

1. The gauge action o/LN_ (n) on Y n is free. 

2. The set of companion matrices of the form ( \2.3C\ ) is a cross-section of this 
action. 

This theorem implies that the quotient Y n /LN_ (n) can be identified with M n . 

In [0, 17 a natural description of the quotient Y n /LN_ (n) in the framework 
of Poisson reduction has been proposed. Let us recall some basic notions. 

Let M. be a Poisson manifold. The action of a Lie group G on M. is called 
admissible if the ring of G- invariant functions Iq {M) is a Poisson subalgebra 
in Fun(Ai) . Assume that the quotient M./G is a smooth manifold, then 
Ig(M) ~ Fun (Ai/G) and therefore the quotient Ai/G has a Poisson struc- 
ture. The natural projection 7r : Ai —>■ M./G is Poisson with respect to this 
bracket. 
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Proposition 2.12. Let V C M. be a submanifold preserved by the action of G. 
The quotient V/G is a Poisson submanifold in Ai/G if and only if the ideal 
Io C Iq {M.) of all G-invariant functions vanishing on V is a Poisson ideal in 
Ig(M). 

In our setting M. = Lgl(n), G = LN_ (n) , V = Y n . In order to define the 
q-deformed Drinfeld-Sokolov reduction we need to find a Poisson structure on 
Lgl(n) which satisfies the following conditions: 

1. the gauge action of LN_ (n) on Lg\(n) is admissible; 

2. the constraints defining the submanifold Y ra C Lg[{n) generate a Poisson 
ideal in / iN _(n) (Lgl(n)) . 

The latter condition means that the Poisson brackets of the constraints with any 
function vanish on the constraints surface Y n C Lgl(n), i.e., the constraints are 
of the first class, according to Dirac. 

As shown in |7], [T7J , these two conditions allow to fix the Poisson structure on 
Lgl(n) and the underlying classical r- matrix in an essentially unique way. To 
give an explicit formula for this bracket let us fix the following notation. 

Let Ln + (n) , Ln_ (n) , LI) (n) be the subalgebras of strictly upper triangular, 
strictly lower triangular and diagonal matrices in Lgl(n) respectively; let V+, V-Vo 
be the corresponding projectors. Let R s be the automorphism of Lf) (n) given by 

i? s diag (a , • • • , a n _i) = diag (a n _i, a , . . . , a n _ 2 ) ; 

(this is the automorphism of Lk) induced by the Coxeter element of the Weyl 
group). Put 9 = R s h. The r- matrix 

r = I (v + - V- + mV ) , (2.33) 



2 V 1-9 
where 

V, = Vo - - ! -Tr, (2.34) 
n J z 

satisfies modified classical Yang-Baxter equation and is skew symmetric with 
respect to the invariant inner product 



(A(z),B(z)) 



r dz 

—TrA(z)B(z), A(z),B(z) G Lg[(n). 
J z (2.35) 

The Poisson bracket on Lgl(n) which makes possible the q-deformed Drinfeld- 
Sokolov reduction is given by 



where f± = r ± \id 



f —hf + \ ( Vtp \ ( 
s~\\\r-hr x -f J V / ' V VV 



(2.36) 
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On the reduced space Y n /LN_ (n) which we identify with M n we obtain a 
Poisson bracket called the q-deformed (second) Gelfand-Dickey structure. 



Theorem 2.13. The bracket coincides with the q-deformed Gelfand-Dickey 

structure {-,•}„■ 

Proof. For a functional / on Lgi(n) put 

Z f = h ~ l Vf - Vf. (2.37) 

Let us denote by Lb- (n) the subalgebra of lower triangular matrices in Lgl(n) 
with arbitrary diagonal elements. 

Lemma 2.14. A functional f is LN_ (n) - invariant if and only if Zf G Lb- in) . 

Lemma 2.15. The value of {f,g} s (C) at any £eY„ does not depend on the 
Ln_ (n) -components of df, dg provided that Zf, Z g G Lb- (n) . 

For any L G M n we denote by C the corresponding companion matrix of the 
form (|2.30| ). Let (p,ip be any functionals on M n ; by construction, the quotient 



Poisson structure on Y n /LN_ (n) ~ M n is given by 



M} q (L) = \ip,^ g (C), (2.38) 

where <p,ip are any LN_ (n) - invariant functionals on L{j[(n) such that their 
restrictions on Y n coincide with the pullbacks of ip and if), respectively: 

k»= ^Vj i> |y„= tt*^- (2-39) 



To calculate the r.h.s. of (|2.38| ) we need to know only the gradients d(p, dip 



and not <p, ip themselves. The upper triangular components of the gradients are 
fixed by ( |2.39| ), and their strictly lower triangular components may be chosen 
arbitrarily, provided that Z^ , Z^ G Lb- (n) , in agreement with lemma 2.15 . 



Note that ip, ip are defined only on M n , hence their gradients are defined modulo 
the annihilator M n _ 1 of the tangent space to M n . To fix them we shall suppose 
that they have the form 

n-l 

dip = Y,hD-\ /,eC((^)). (2.40) 

i=0 

Lemma 2.16. The upper triangular component of dip is given by 

d0 pm (£) = -Res [LD-^V] (+) ) , m > p. (2.41) 

Let us define the strictly lower triangular components of d(p by the same for- 
mula. We need to verify that Z^ G Lb- (n) ; this results directly from the follow- 
ing lemma: 
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Lemma 2.17. We have 



V0 pm (C) = 5 n . ltP (v V [LD~^} { _ 

-s n -x, P (d* 1 ^ ; {2A2) 

(Z ) n _ lfi (£) = ^(VtpfiD-^^-iD^dtp)^ (2.43) 

(^WOO = ^(v^[^- (m+1) ] (+) ) o , rn^O; (2.44) 

(Z^) p _ 1)0 (£) = -(D^'cp) Q , (2-45) 
where 8 — 1 — 8. All other elements of are zero. 

Taking into account that Z^ , Z ? G Lb- (n) , we get the following expression 
for the bracket ( f2.36| ) 



{M,=K(t^^) + < %,w >-K z *>) 



(2.46) 



where Z% = V'^ Z°-=V^. 

Let us calculate the contribution of the first term in (|2.46|) to |<^, ^| . 

Lemma 2.18. The eigenf unctions of the operator 6 are 

E mta = z m e a , meZ, a = 0, . . . , n - 1, (2.47) 

where 

e a = diag(l,^- a ,... ,uj- {n - 1)a ), u = e^. (2.48) 

The corresponding eigenvalues £ mja are equal to 

U, a = q m u a . (2.49) 

The eigenfunctions satisfy the condition 

, > x j 1, « = -/3modn, , , 

(i^a, h ltP ) - nd m ^ -| 0) m ^ o ^ er caseS; (2.50) 

and form a basis in Lf) (n) . 

We shall denote by ^ m a the sum over all pairs (m, a) ^(0,0), m G 
Z , a = 0, . . . , n — 1. Note that in the expansion of Z?, Z? with respect to 
the eigenbasis £? mQ the ^co-component is absent, hence 
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dz fdw^'l 1 + q m uJ a fz \™ , . ( \ 

W Z — ' nl — Q m UJ a \W/ \ tn 



(2.51) 



Applying lemma [2.17| we obtain: 

<p [w) ■ ) Tr {VqZ^ {£) ■ e a ^ 

= h ~' P V<p (w) ■ ^PoW (z) + P VV (w) ■ PoV'ij (z)- 

'"PoVp (w) ■ P VV (z) - u a P V'<p (w) ■ ^PoW (z) .( 2 ' 52 ) 

, the contributions of the corresponding terms of ( |2.52j ) 



— u 



-a h 



We denote by A\, 
Lemma 2.19. 



1^1 + q m LJ c 



a=0 



l + g* 
1 - q % 



n £ — ' i — u L 

a=0 



n 1 - 



1 ^4 1 + g m c/ 



a=0 



-a; 



9 



m(n— 1) 



ra ^ 1 - cj q 



a=0 



J ginn 

n-2 
n 



m/0; 



1 n_1 1 
n ^ 1 

a=0 



1 + q m uj c 



q m uj a 



-UJ 



q 



n-l 1 
ly 1 



1 + 



-a; 



1 - <f 

n-2 
n 



m/0; 



(2.53) 
(2.54) 
(2.55) 
(2.56) 
(2.57) 
(2.58) 



Proof. Let us prove ( 2.53| ); formulae ( |2.55| ), (|2.57|) may be verified in the same 
way. We have 



Si 



1 yi 1 + q m UJ a _ _ { 2 1 

^ 1 - q m u a " n ^ 1 - q 



oo n—1 



n * — ' 1 — q" L uj 

a=0 ' 



q m uj a 



- 1 + -EE^ m ' 



i=0 a=0 



but 



n—1 

n ^ 

a=0 



0, i ^ jn, j G N, 

1, i = jn, 



and hence 



S 1 = -\ + 2^q mnj 
3=0 



l + q r ' 
1 - q n 
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as desired. 

To prove ( |2.54| ) note that 

1 + u n - a _ 1 + uj~ a l+oo a 
1 - UJ n ~ a ~ 1- uj- a ~ 1 - UJ a ' 

therefore for odd n all terms in the sum ( |2.54|) cancel each other completely. If n 

1 + Co 1 "'/ 2 

is even only the term -r survives, but evidently it is zero, since kW 2 = — 1. 

1 — to n ' 2 

Formulae Q2.56| ), ( |2.58D immediately follow from ( p.54| ). 
Lemma 2.20. 

/ 1 _|_ hn \ 

A\ = (^-j-Pfi^VipV (2.59) 

A\ = /l±^^ vVjVV \ (2 . 60 ) 

1—1 \ n — 2 

A\ = ( ^PnV<^, VV ) TrVy? ■ TrVV, (2.61) 

\ 1 - h n I n 

A\ = ( _ f^p'VV, W ) + ^— ^TrVV • TrV^- (2.62) 
\ 1 - h n / n 

Proof. We verify only ( [2.61[ ), other formulae can be proved in the same way. 
We have: 



dz f dw ^-V 11 + q m ui a 
q m uj a 



l aw J- J- i 
z I w ' n 1 — 



w 



l P V V (w)-P a V'i>(z) 



J z j w ^nl-f \wJ K 



PoV> (z) 



r dz r da- / i \ - i ^" 
] z J w U^i 



-a; 



P V(^ (w) 



FoVty (2) 



cfe / 2/i 



z \l-h n 



l P^^)(z)-P V^(z) 



/ — h PqV^ (w) • / — PoVV (z) (by lemma gig) 

—2 \ r? — 2 

^PnV<^, VV ) TrV<^ ■ TrVV, 

1 - /i« / n 



as desired. 
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Using lemma |2.20| and taking into account that TrVy? = TrVV, we obtain 



11 + 



Z°Z° 7 



1 l+fe" pi h n p/ 



P' 



21-6* *" ^ 



It remains to calculate Z$, Vipj — \ Z^ 
Lemma 2.21. 

%,W>\ = (rVy, V^) - (rVV, VV) + 



(2.63) 



+ ^Tr (P V^ ■ PoWO - ^Tr (P W • JWty) . (2.64) 

Proof. Taking into account that [LP _n ] ( - + - ) = 1 and using lemma 2.17 , we 
obtain 



Z^) = A 1 2 + A 2 2 + Al + A 4 2 



(2.65) 



where 



'n-2 



A\ = TA s ^{D p+1 V V D- 1 ) Q {Dd^[LD-^] [ 
\p=o 

fn-2 
(v^> [LZr (m+1) ] (+) ) (P m+1 c^) 



^2 



vP=0 



A3 
^2 



Tr^^P-^^o] (P#) ) 
Tr ((V^) (VV)o) ■ 



In transformations below we use the fact that TtA^B = TrAB^ and the 
following proposition: 

Proposition 2.22. Let B E ^T> q be of the form 



then 



Ep^ (d*b) = b. 
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Since dtp, dip have the form Q2.40| ), we obtain: 



Ah 




n-2 



Lj2 D ~ iP+1) (D p+1 V<pD- 1 ) ( 



(+)/ 



(+) 



L (VipD- 1 )^ - LD-" (D n V(pD' 1 ) 

Tr L (VtpD- 1 ) ^ - Tr (D# (Z^WZT 1 ^) 

Tr ((£># - D (#) ) ^ (VVZT 1 ) _) - Tr ((D#) • h (D^ 1 W) ) 

Tr ((VV - (#) ^) VV(-)) " Tr ((£>#)o ' * [(^ n_1 #) ( _ } ^] ) 
TrVVVV(+)-Tr(#) ^VV-Tr ((£>#)<,- h [(D"" 1 ^)^ 
TrVVVV(+) - TrVy?L (#) - ^2- 



(2.66) 



A\ may be developed as follows: 



'n-2 



Ai 



,p=0 



-Tr(E( V ^^- (m+1) ] (+) ) (^ m+1 #) 

'n-2 



-Tr Vy? 



P=0 



(+)y 



= -Tr^[L(#-(#) )] (+)/ 

= -TrV^(V^) (+) + TrV^L(#) - 
Substituting ( gg§ ), ( p^7| ) in ( gig) gives 

(%, w) = TrVVVV(+) - TrV^ (W) (+) + Tr (Vy?) (W) 
which immediately implies Q2.64Q . Lemma |2.21| is proved. 



(2.67) 



For (v0, h Z^j we have a relation similar to (|2.64| ), hence 

V^) - (v0, h Z\ = 2 ({rVip, V^) - (rVV, Vty)) . 



(2.68) 



Substituting (|2l8; ) and ( pl3|) in (|2^ ) we obtain 



r + 



-T n 



1 1+h" 

2 

1 



-P' 



P> 



r — 



l-h n 
1 l+h n pi 
2 1+h" 



vv 



'(2.69) 



This formula differs from ( [2.18| ) by the absence of ±|-Pnn in the non-diagonal 
elements of r-matrix, but the corresponding terms give no contribution to the 
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bracket because of the invariance of the inner product: 

ipooVV, VVM - /^PooVv?, Vty\ = -TWVn-W - TrV^TrVV = 0. 



Theorem 2.13 is proved. 



Theorem 2.23. The Poisson bracket ([2.180 in terms of generating functions 

N(ui) 

Ui {z) = u imz m , i = 0,...,n-l, (2.70) 



m=—oo 



has the form 



RUhM™)} = 2^ 1 _ gmn (^-j + 



mtZ 
m#0 



min(n— 



+ ^ S ( ) Ui+r u i- r ( z ) ~~ 

min(n-ij) . . 

~ 5 ( i-j+r ) Ui + r (*) U i~ r H ' ( 2 - 71 ) 

r=l V 5 ' 

where S (z) — ^ z m . So this bracket coincides with the one constructed by Frenkel 
and Reshetikhin in |J . 
Proof of this theorem is straightforward computation. 

3. The group of q-pseudodifference symbols of all complex 

DEGREES AND THE ASSOCIATED Q-KdV HIERARCHIES. 

3.1. The double extension of the algebra ^D q . Let us define the operator 
\nD E End(C((^ 1 ))) by 

hxD = \nq - z— , (3.1) 

dz 

where the branch of In q is fixed by 

-7r<argg<7r, lnl = 0. (3.2) 

As above, we suppose that |g| < 1 . Note that the subspaces Cz m are the 
eigenspaces for In D with eigenvalues X m = m In q , hence the exponential exp In D 
is well-defined and exp InD = D, which justifies our definition. Evidently, 

[\nDJ] = \nq-z^ V/gC^ 1 )), pn £>,£>] = 0, (3.3) 
which implies that [InD, ■] is an (outer) derivation of the associative algebra ^Dg. 
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Proposition 3.1. The 2-form 

oo (X, Y) = ([In D, X\,Y), VX, Y G (3.4) 
is a 2-cocycle on *SfT) q . 

Proof. Note that for any lefD, 

Tr [In D, X] = 0, 

which, together with ( |3.3|) , implies the skew-symmetry of to. Next we have 
[In D, [X, Y}} = [X, [In D, Y)} - [Y, [In D, X]] , 

hence 

ou([X,Y],Z) = ([X,[\nD,Y]],Z)-([Y,[\nD,X]},Z) 
= ([hxD,Y],[Z,X)) + {[]nD,X),[Y,Z]} 
= -to{[Z,X],Y)-to([Y,Z},X), 

as desired. 

The logarithmic cocycle to defines a non-trivial central extension ^D q = \&D g -j- 

C-c of the Lie algebra \1/Dq. ^D q does not admit a non-degenerate invariant inner 

product. To improve the situation let us consider the "double extension" ^D q 
of the algebra ^D q : 

VD q = ^B q + C- In D + C-c; (3.5) 

the bilinear form 

(X + a\nD + (3c,Y + 7 ln/J + 5c) = (X, 1% D? + a6 + /5 7 (3.6) 

is invariant, non-degenerate and sets into duality the subspaces J + and J_; more- 
over, 

JJ«J , (C-lnD)* « C-c (3.7) 
(here J±, Jo are defined by (2.5)-(2.7) ). 

3.2. The group of q-pseudodifference symbols of all complex degrees. 

For any aGC we define the complex power h a of the operator h by 

(h a f)(z)= ha f(z) = f(q a z), (3.8) 

where g Q = exp (alng) and the branch of lng is fixed by ( |3.2|) . 

A normalized q-pseudodifference symbol of degree a is a formal series of the 
form 

oo 

L = D a + J2^D a ~\ a i GC((^ 1 )). (3.9) 

i=l 
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The multiplication law of symbols is uniquely denned by the commutation rela- 
tion: 

D a oa = ha aoD a . (3.10) 

Let G a be the set of normalized q-difference symbols of degree a and G_ be the 
set of symbols of all complex degrees, 

G- = G a . 

ctgC 

G- is a group with respect to the multiplication law ( |3.10| ). This group admits 
the following description. For a G C let o~ a be the automorphism of G_ given by 

a a (X) = D a XD~ a . (3.11) 

Obviously, a a preserves the degree of symbols and hence induces an automor- 
phism of the subgroup G . 

Lemma 3.2. The group G- is the semi-direct product of the additive group C 
and the group Gq. 

For L G G_ we shall write L = LD a , where a is the degree of L and L G Go- 
In an obvious sense, G_ may be regarded as an infinite-dimensional Lie group. 

Lemma 3.3. The tangent Lie algebra of the group G- is the algebra J_ = J_ + 
CTn-D considered as a Lie subalgebra in ^Dq. 

Proof. We must check that 

[In D,X] = j- | a=o D a XD- a (3.12) 

for all X G ^D 9 . Since [D a ,D] = 0, it is sufficient to prove (|3~12|) for X = 

f, V/ G C ((z -1 )) . In this case we have 

/- U =0 D a f (z) D~ a = A U =0 / (q a z) =lnq-zf = [InD, f] , 

aa aa az 

as desired. ■ 

Let us fix the following models of the tangent and cotangent spaces of G- 
which will be used over the rest of this section: 

T L C7_ = Ix = XD a + XL In £>, XeL, X G c| , 

= [f = D- a f + fcL~\ feJ + , fee}. (3 . 13) 

The pairs (^X,X^j and yfifj wm be called normal coordinates of X and /, 
respectively. The canonical pairing between T^G_ and T£G_ is given by 

(X,f) = (X,f) m +X-f. (3.14) 
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Let us denote by 1 Sl and t Sl the operators of the left (resp., right) multiplication 
by L in G_. 

Lemma 3.4. In normal coordinates the tangent map ( t Sl)^ at the unit element 

( p S L ), (e) : T e G_ - T L G__, X ^ y, 

is given by: 

Y = XL + X [\nD,L] , 

Y = X. 



(3.15) 



The tangent map ( 1 Sl)^^ is given by 

Y = La a (X) 

Y = X. 



(3.16) 



Formulae ( ft.lflj) may be formally written as Y = LX . 



Proposition 3.5. 

1) The exponential map exp : J_ — > G_ well defined on the whole J_. 
^ T/ie restriction of the exponential map to the affine subspace J a = J-+a In D 
is a bijection between J a and G a if 

a In q 



2m 



(3.17) 



Proof. By definition, L (t) = expt (X + InD) , X G J_, is a solution of the 
following differential equation 

^=( l S L ) <e) (X + lnD) (3.18) 

with the initial condition L (0) = e. Evidently, L (i) has the form L(t) = A (t) D t , 
where A (t) G Gq. By lemma [O] we write (|3.18|) as 

A A 

— = Aa t (X), teC. (3.19) 
at 

This equation has a unique solution with initial condition A (0) = e. Indeed, let 
A\ (i) , X/ be the coefficients of the expansion of A (t) (respectively, X ) in terms 
of z and D : 

oo rrii 

A(t) = J2 Ai (t) D~\ Mi) = E Aj(t)zi, j>l, A = l; 

i=0 j=—oo 

oo m 

x = Y,*iD-\ X = E xU j - 
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(We set A\ (t) = 0, j > X\ = 0, j > n*, and extend summation up to 

infinity.) From (|3.19| ) we obtain 

dA™ 



dt 

dAT t=i 



q tm X m^ A m (Q) = g. (3 2 Q) 



dt r ,, n 



E E A n jq nt X™- n + q mt X™, A™ (0) = 0. (3.21) 



We shall prove inductively that this system admits a unique solution which is 
holomorphic in C . Observe first of all that the function w i — > q mw is holomorphic 
in C, hence the value of the integral f q mw dw does not depend on the path of 
integration and 

t 

A™ (t) = J q mw dw ■ X™ (3.22) 
'0 



gives the unique solution of (|3.20| ). Obviously, A™ (t) is holomorphic in C. 



Assume now that all coefficients A\,... , Ai_i are holomorphic functions. We 
shall deduce from it that the equation ( |3.21 ) for A^ is also solvable in holomorphic 



functions. Indeed, the sum over n in the r.h.s. of (|3.21|) has only a finite number of 
non-zero terms and the functions A" are holomorphic by the inductive hypothesis, 



hence the r.h.s. of ( |3.21| ) is holomorphic and this equation has the unique solution 
which is given by 




A T (t) = / n A l m <f wx ?-7 + <t wx ? dw - ( 3 - 23 ) 

"'O \j=o nez / 

Thus, the exponential map is well-defined. To verify the second assertion of the 
proposition we need to prove that for any L G G a , %^r- ^ Q, there is a unique 
representation of the form 

L = AD a = exp a(X + \nD) , X G J_. 

Consider ( |3.22|) , (|3.23|) as an equation for X. We have 



earning / Q 

A rn = j g^dw ■ X™ = { mlnq r ' (3.24) 

aXf, m = 0. 

Since^ ^ Q ; } e aming ^ ^ and hence ig solvable for any Let us 

assume now that X±, . . . ,X^i are already determined. In that case equation 
(|3.23|) for Xi has a unique solution. Indeed, we have 



^0 \ „ c „ / </o (3.25) 



AT- 



K ]=o nt 
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Functions A™ (w) are defined by the formulae ( |3.23|) and may be expressed in 
terms of X\, . . . , X^i, hence the l.h.s. of ( |3.25| ) is a known number. As above, 
we see that (|3.25|) is uniquely solvable provided that ^ Q. 

Definition 3.1. We call a E C generic if Q ; we call L E G_ a generic 

element if its degree a = deg L is generic. 



3.3. The generalized q-deformed Gelfand-Dickey structure on G and 
related q-KdV hierarchies. In this section we consider Lax equations of the 
form 

L E G a , a is generic. (3.26) 



dt 



L i+V L 



We shall see that in some natural class of quadratic Poisson brackets on G a 
there exists a unique one which is consistent with the equations (|3.26|) (i.e., 
the latter are Hamiltonian with respect to this bracket with the Hamiltonians 
H m = ^TrL~^). For any positive integer a this bracket may be restricted to M a 
and coincides there with the q-deformed Gelfand-Dickey structure considered in 
part 1. 

The brackets referred to are smooth with respect to the parameter a outside 
the line jjpM, hence we can glue them up to a smooth Poisson structure on G'_ = 

G a . This bracket is called the generalized q-deformed (second) Gelfand- 

In q 

Dickey structure. It is uniquely defined by the following conditions: 

1) G a are Poisson submanifolds; 

2) the restriction of this bracket to G a coincides with the unique bracket on 
G a consistent with equation (|3.26| ). 

Let us now turn back to equation ( |3.26| ). 

Theorem 3.6. 

1. The equation t \3.2dj ) is self- consistent, i.e., its r.h.s. is well-defined and 
belongs to the tangent space TiG a ; 

2. The flows corresponding to different m 's commute with each other; 

3. The functionals 

H n = -TrL«, nEN, (3.27) 
n 

are conservation laws for ( 3.2(\ ). 



Proof. L E G a and a is generic, hence in agreement with proposition there 
exists an X E J- such that L = exp a (X + In D) . For any (3 E C we define L 13 
by L 13 = exp a(3 (X + InD) ; clearly, L 13 E G a p. In particular, E G m , hence it 
contains only integer powers of D and may be considered as an element of \1/Dg. 

m 

So the expressions L/^ and TrL& are well-defined. Note that = 0, 
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therefore 



L {+V L 



L",L has the form Yl^i a iD a l , i.e., it is a tangent 

vector from TiG a . The last two assertions of the theorem may be proved in the 
same way as in the case of positive integer a. Another proof will be given below 
in the frameworks of the Hamiltonian formalism. 

Remark 3.1. A similar class of equations has been constructed in [fO]| . The 
authors start with the algebra ^>DO q of q-difference symbols of the form 



A 



n(A) 

U i 



[z)D\, meCfcz- 1 ] 



(3.28) 



with the commutation relation 



Dg O U 



u (qz) — u (z) 



u-D 



which corresponds to the definition of D q as a q-difference analogue of the deriv- 
ative 4- '■ 

dz 



(DJ) (z) 



f (?*) - f (z) 



Then they define the residue of a symbol A G ^DO q by ResA = tt_ x (z) (see 
(3.2$) ); the trace is given by 



TtA 



— Res 

z 



A 



(q-l)D q +l 



Let us extend ^/DO q by assuming that the coefficients in ( 3.28 ) are formal power 
series in z~ l . It is easy to see that after this extension ^DO q becomes isomorphic 
to \1/D g (as an associative algebra) and, moreover, the definitions of the traces in 
^>DO q and ^T) q coincide up to a scalar factor. 

Then the authors of jn|] construct a double extension of ^>DO q by adjoining to 
it the logarithm log D q and the corresponding 2-cocycle, and define the group G q 
of q-difference symbols of the form 



a-l 



k=l 



We did not found an isomorphism between G q and G- ; the question about the 
relation between the generalized q-KdV equations ( 3.26j) and the ones constructed 
in 



11 



remains open. 



We will now examine the Hamiltonian formalism for equations ( |3.26|) . Let us 
consider the set G a , where a is generic. Just as in part 1, we consider the Poisson 



26 A.L.PIROZERSKI AND M.A.SEMENOV-TIAN-SHANSKY 

brackets of the form 
{<p, ip} = 



r + aP bP 
cP r + dP 



Vip 



Vip 



Vip 



(3.29) 



where a, b, c, d are linear operators in J satisfying the skew-symmetry conditions 

a = -a\ d=-d\ c* = b; (3.30) 



the r-matrix r is defined as above: r = ~ (P + — P_) ; Vip, Vip denote the normal 
coordinates of Vip, V'ip. Note that for a functional ip G Fun j the component 

dip of its linear gradient is defined up to an arbitrary element of J<-\, and dip is 
arbitrary. Lemma 3.4 implies that 



Vip = L dip, Vip — (T-a (dip L) , (3.31) 
where L = LD~ a . Hence, dip gives no contribution to the bracket G3.29|) . 

Theorem 3.7. There exists a unique Poisson bracket of the form (\3.2dj) on G a 

which satisfies the following conditions: 

1) the expression ( \3. 29{ ) is well-defined, i.e., it does not depend on the «/(-)- 
components of dip, dip; 

2) the Hamiltonians H m (see ( 3.21 ) ) give rise to the Lax equations ( 3.26 ). 
This bracket is given by 



_ , 1 l+'h a pi h a pi , 1 p \ / rj— 



1 l+h a pi 

2 



Vip 

Vip 



(3.32) 



Proof. We shall seek for a, b, c, d such that the bracket ( |3.29| ) satisfies the two 
conditions of the theorem. 



Lemma 3.8. 



a j 1 



D a L 



Lemma [T8] and ( |3.31[ ) imply that 



(3.33) 
(3.34) 



VH m = VH m = L«. 
Substituting this into fl3.29| ), we obtain the following 

Proposition 3.9. Condition (2) of the theorem is equivalent the following one: 
for any L G G a , any m G N, holds 



a + b 



L 



c + d- 



(3.35) 
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Lemma 3.10. Condition ( \3. 3b\ j implies that 

a + b- 1/2 = (c + d- 1/2) = F, (3.36) 
where F is a linear operator in C((2 -1 )), ImF = C • 1 C C((2;~ 1 )). 

Proof. Since |g| < 1, the point 1 is generic and by proposition |3.5| the map 
L i — > L« is a bijection between G a and G\, Therefore, for any / E C((^ -1 )), / 0, 
there exists an L E G Q such that J = /; moreover, relation ( |3.24j ) implies 
that in the expansion 

(3.37) 



L = D a + u 1 D a ~ 1 + ■■ 



the coefficient u\ is nonzero. Put F — (a + b — 1/2) / and G — (c + d — 1/2) /. 
We have FL = LG, which implies F = h a G and U\F = uih a ^ 1 G. But u x ^ 0, 
hence F = h G = h a ~ l G, i.e. F E C, G E C, which, together with ( |3.35| ), implies 
that F = G. M 

Using the skew-symmetry conditions ( p. 30 ) we get 



a + F, c 



- + a + F- 



d 



-a + F-F*. 



(3.38) 



Just as in the proof of theorem [2.7| we can verify that F does not contribute to 
the Poisson bracket. The invariance of the inner product now implies that 

P + +{\ + a)P (|-a)Po ( W 

(i + a ) p p + + (I _ a ) P J \ VV / ' V 

(3.39) 

Hence {<£>,V ; } does not depend on J_-components of dip, dtp. The requirement 
that it is also independent on Jo-components of the gradients fixes the choice of 



Lemma 3.11. The bracket ( \3. 39\) does not depend on Jo- components of dip , dip 
if and only if 



1 

2 +a 



feC. / rV/eC((O)- 



Proof. Let dp be another representative of dp, dp = dp + /, f E Jo, and 
{<y2, ^} be the value of the Poisson bracket corresponding to dp . We must prove 
that 



A = {p,^y -{p,^} = o. 



We have 
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Since / G Jo, we have (Lf) Q = f and cr_ Q (/ L) = h a f, hence 

1 \ fl 



A 



— a] h 



/,(W) -(W)o). 



Lemma 3.12. For any g G C((z x )) such that f ^fg(z) = there exists a func- 
tional ip g G Fun {^Gc^j such that for some L G G a 

(VS(I)) -TO(L)) = S. 

Proof. Note that either a — 1 or a — 2 are generic. If a — 1 is generic, we may 
suppose that 

ij g = TrLDa g , a g G C^ 1 )). 
It is easy to see that in this case 

(W 9 (L)) Q - (VW 9 (L))a =( 1 ~ M , (3-41) 

where U\ is the coefficient in the expansion of L in powers of D^ 1 : 

L= l + u 1 D~ 1 + --- 

The condition that a — 1 is generic implies that the equation ^1 — h 1 ^ ^ ( u i a g) — 

g is solvable for any g G C^z^ 1 )) such that J ^fg(z) = 0. 

If a — 2 is generic we can find ip g in the form ip g = TrLD 2 a g . ■ 

A must vanish for any / G C((^ -1 )) and any ip G Fun (&ct) , therefore from 
lemma |3.12j it follows that 



1 

— ha 
2 



— — a ] // — 



feC forV/GC((^ 1 )). 



End of the proof of this theorem is just like the one of theorem 2.7. 



Remark 3.2. .4s in part 1 we can linearize the bracket (\3. 32J at L = D a and 
construct the family of compatible Poisson structures. 



Now we can prove assertions 2 and 3 of theorem [3.6| ; they immediately result 
from the following 

Proposition 3.13. Functionals H n = -TrL*, n G N, are in involution with 



respect to the bracket (\3.3£\ ). 



Proposition 3.14. The submanifolds G ayn C G a of the symbols of the form 

L = (l + UiD-^j D a (3.42) 
are Poisson submanifolds for bracket \3.32j. 
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Proof. It is sufficient to check that the bracket of any functional of the form 
<Pf,i= / —ui f, fe C((^ 1 )), I > n, (3.43) 



with any functional ip vanishes on G a ^ n . Clearly, d(pfj = D f, hence V(pf } i(L), 
Vi/)f s i(L) G J + for all L G G a ^ n and we have 

{<ff,i,i>} = ~ W> - <vv^, W» = o, 

as desired. 

Proposition 3.15. The coefficient u n (z) is a Casimir function on G n>n . 

Proof. Define <pf jTl by (|3.43|) . We shall prove that {y?/ jn ,?/>} vanishes on G n ,n- 
We may write the bracket ( |3.32|) in the form 

-P_ + (a - \) P (|-a)Po \ (W 

(a+|)p _p__( a + i)p y ^ w V 

(3.44) 



Clearly, V</?/, n , VV/,n G J(+), hence only the J -components of the gradients 
give contribution to the bracket. We have 

(VV^) = cr_ n ((#Z) ) = a_ n (D n fu n D- n ) =fu n = (W^) • 

Substituting this in ( p.44| ) we obtain {y/,nj'0} = 0^ as desired. 

Note that for integer n the submanifold G n ,n may be canonically identified 
with the subspace M n C ^*T) q considered in part 1 of this paper. With this 
identification the restriction of the bracket (|3.32| ) on G nM coincides with the 



bracket (|2.18 ). Indeed, the r-matrices are the same and we need only to check 



that the definitions of the gradients are consistent with each other. We have 



= Ld<p = LD n ■ D~ n d^ = Ldy>, 
VV = <r-n (dpi) = D~ n ckp ■ LD n = d^L, 



as desired. 



4. Jacobi identity for the generalized q-deformed 
Gelfand-Dickey structures. 

In this section we discuss the Jacobi identity for generalized q-deformed Gelfand- 
Dickey brackets ( |2.18| ), ( |3.32|) . We start with the following general pattern, due 



to Gelfand and Dorfman M. Let A = f2o be an associative commutative alge- 
bra, a = DerA the Lie algebra of its derivations; we regard A as a a-module and 
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define the Chevalley complex associated with A in the standard way, 

Q ^ fii ^ ^2 ^ .-, fi P = A ® A p a*. 
d a (X 1 ,...,X p+1 ) = E i (-l)%a(X 1 ,...,X i ,...,X p+1 )+ 
; (--l) ; --'nf.V ; . V,, A',. ...X p+1 ). 

For X G a let ix '■ ^ P — > fi p -ibe the inner derivative, 

ixQt (X 1 ,X 2 , X p _i) = a (X, Xi, X 2 , X p _i) ; 

for p = 1 the coupling (X, a) = %xol is a natural bilinear pairing between a and 
Q . Let L x = d ■ ix + ix ■ d be the Lie derivative. By definition, a Poisson 
operator is a linear operator H G Hom( fix, a); the Schouten bracket of two 
Poisson operators H, K is a trilinear mapping f2 x f2 x ~~ * a defined by 

K \\ («i> a 2, «3) = (HL Kai a 2 , a 3 ) + (KL Hai a 2 , a 3 ) + c.p. 

(as usual, c.p. stands for cyclic permutation). The Poisson bracket associated 
with if is given by 

{<p,il>}=(Hd<p,d<il>); (4.1) 

this bracket is skew and satisfies the Jacobi identity if and only if if is skew- 
symmetric and its Schouten bracket with itself is zero. 

Let 3 be an associative algebra with a non-degenerated invariant inner product. 
We choose as A = the algebra of smooth functionals on 3- (Recall that by 
definition a functional (p G A is smooth if for each L G 3 there exists an element 
X G ^ (called its linear gradient) such that 

(ML),X)=(J^ <p{L + tX). 
The left and right gradients V, V are given by V<p(L) = Ldip(L), V'p(L) = 



dip(L)L. For a functional (p we write Dip = 




G 303- ) Let us define 



the invariant inner product in 3 © 3 by 

We are interested in the class of Poisson brackets 3 of the form 
where R G £nd303 , i? = -R*. 

Lemma 4.1. TTie obstruction term in the Jacobi identity for the bracket is 
given by 

A = {{ip, *P}, X } + cp. = (([RDip, RDip] , D X )) + cp. (4.4) 
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Theorem 4.2. Let R e End (5 ©5) be a skew- symmetric classical r-matrix sat- 
isfying the modified classical Yang-Baxter equation (mCYBE) m303: 

[KK, RY] - R ([EX, Y] + [X, RY]) = -~ [X, Y] , VX, Y G 5 05- 
TTien t/ie bracket ( \4-4\ ) satisfies the Jacobi identity. 
Froof. 

Lemma 4.3. If R satisfies mCYBE, then 

(([RX, RY] , Z» + c.p. = -i (([X, Y] , Z» . (4.5) 

Let <p,ip,X be some linear functionals on 3- Put 

X = Dtp, Y = Dip, Z = D X - (4.6) 

By lemmas ^4.1| , |4.3| we have 

-4A = (([X,Y],Z)) = ([V^V^],Vx)-([VV,VV],V'x) 
= ( [V<p, VV>] , Vx) - TrdcpLdipLdxL + TrdipLdipLdxL 
= {\y<p, VV>] , Vx) - TrLdpLdipLdx + TrLdipLd V Ld X = 

as desired. 

Theorem 4.4. Let 5 be a Lie algebra which is (as a linear space) the direct sum 
of the three subalgebras 

3 = 3++3o + 3-, (4.7) 

where 3o is abelian and 

[3±,3o]c3±. (4.8) 

Lei P±, Pq be the projection operators onto 3±,3o parallel to the complement and 
a, b, c, d arbitrary linear operators in 3o- Put r — | (P + — P_) . T/ien i/ie r-matrix 

satisfies mCYBE. 



Let us now turn back to the algebra . From theorems |4.2| , [4.4| it fol- 

lows immediately that the q-deformed Gelfand-Dickey bracket ( 2.18 ) satisfies the 
Jacobi identity. 

Proposition 4.5. The bracket ( 3. Si ) on G a , a is generic, satisfies the Jacobi 
identity. 

Proof. Consider the following bracket on \I/D g : 
r _ //( P + +(± + a)P (|-a)^P \(V<p \ 

(4.10) 
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where, as above, 

1 1 + h c 



a = —- 



2l-/i« 

Theorems 4.4 , 4.2 imply the Jacobi identity for (|4.10| ). 

Lemma 4.6. G considered as an affine subspace in ^D q is a Poisson subspace 

for am) . 

Proof. Obviously, J(_) is a Poisson subspace. Any element A G J(_) has the 
form 



oo 



A = ^2u i D~ i , Ml GC((^ 1 )). (4.12) 

It is sufficient to prove that functionals of the form 

Vf = TrAf ) /eC^ 1 )), (4.13) 

are central on Gq, i.e., their Poisson brackets with any other functional vanish 
identically on Gq. Clearly, d(ff — f G J , hence V<^/, Vcpf G /(_). So only the Jo- 
components of S/ff, VV/ contribute to the bracket ( |4.1(J| ). Taking into account 
that uo = 1 on G , we get 

(V^/)o = (VV/) = /■ (4-14) 

Then 



{<p f , i>} = ([(a+Q + (i-a) h~ a ] f, (VV)o - h a (V» 



(4-15) 



But fa + I) + ( | — a) h a = P 00 , hence 

{<p f , tp} = Trf ■ (TrV^J - Trh a (V'<0) o ) = 

due to the invariance of the inner product. 

Consider the map i : G a — ► Go defined by i (L) = L. Obviously, i is a bijection. 
It is easy to verify that the pullback of the Poisson bracket (|4.10|) coincides with 
the bracket ( |3.32| ), so the latter satisfies the Jacobi identity. 
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